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Tém tat: Trong [4], Basnet-Sharma-Dutta da gidi thieu va nghién citu khai
niém do thi liy linh ctia mot vanh giao hoan hitu han. Trong bai bao nay, ching
toi tinh duge s6 thanh phan lien thong cia dd thi liy linh cho vanh Z,. Ap dung
két qua nay, ching t6i dic trung dude tinh lién thong va tinh day da cta do thi
ldy linh cho vanh Z,.

T khéa: Phan tit liy linh; do thi; do thi liy linh; do thi day dia; do thi lien
thong; thanh phan lién thong.

1 Dat van de

Trong toan bo bai bio nay, ching to6i quan tam xem xét cac vanh R hitu han, két hgp
va ¢6 don vi khac khong. Ky hieu Z,, dé chi vanh cac 16p thang du moéduld n. Cho tap hop
hitu han X, ky hieu card(X) 1a s6 phan ti ctia tap hop X. Cho hai s6 ty nhieén k,n, ky

n
k>—0.Cho

higu < Z ) 1 s6 t6 hop chap k cfia n phan ti véi ltu § néu n < k thi <
hai s6 nguyén duong a, b, ky hiéu u6c chung 16n nhat ctia ching 1a ged(a, b).

Ly thuyét do thi la déi tuong nghién citu quan trong ctia Hinh hoc t6 hop va c¢6 nhiéu
tng dung trong thiyc té. Hién nay, Ly thuyét do thi con tac dong vao nhiéu chuyén nganh
khac nhau ctia Toan hoc. Mot trong nhitng linh vitc Toan hoc ma Ly thuyét doé thi c6 nhiéu
tac dong hién nay 1 Dai s6. Nghién cttu céc cau tric dai s6 thong qua Ly thuyét do thi va
nguge lai 1a mot trong nhitng van dé thoi sy dang duge nhiéu tac gid quan tam (xem [1],
2], [9)

Trong [4], céc tac gid da st dung khai niém dd thi dé bidu dién cac phan tit liy linh ctia
mot vanh giao hoan hitu han c¢6 don vi 1 # 0. Trong bai bao d6, tap hop cac dinh clia do
thi chinh 1& tap hgp cac phan tit khong liiy linh ciia vanh, mot canh ndi hai dinh phan biét
2,y chi néu z + y 1a mot phan tit liiy linh ctia vanh R. Do thi G vi vay sé khong c¢6 khuyén
va néu hai phan tit khong lity linh phan biét bat ky c6 tong 1a mot phan tit iy linh sé dan
dén do6 thi G 1a day di. Mot cau hoéi duge dat ra la:

Cau héi 1: "Vanh giao hodin R ¢é dac trung gi dé do thi G day di va nguge lai?"

Mot s6 cau héi thi vi khac ciing dude dat ra la:

Cau héi 2: Vanh R c6 ddc trung gi dé do thi G lien thong?

Cau héi 3: Tinh so thanh phan lién thong cia do thi liy linh?
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Viéc gidi quyét cac cau hoéi trén cho 16p vanh giao hoan hitu han c¢6 don vi 1 # 0 sé 1a
van dé tha vi nhung khong don gidn. Trong bai bao nay, chiing toi chi xem xét cac cau hoi
trén cho mot trudong hgp dic biet. Cu thé ching toi chi nghién citu mot s6 khia canh ciia
do thi liiy linh cho vanh cac 16p thing du modulo n.

Dinh 1y 11 ctia bai bao sé tra 161 Cau hoi 1, cho vanh cac 16p thing du moduld n. Ching
ta biét ring trén vanh giao hoan tong hai phan ti liiy linh phan biét x,y c6 bac liy linh
lan lugt 14 m va n sé 1a phan ti liiy linh vi

m-+n = m+n k, m4+n—k
k=0

(do zF = 0 véi k > m va y™t"F = 0 v6i k < m). Tuy nhién tdng hai phan tit khong liy
linh phan biét ¢6 thé khong 14 phan tit liiy linh. Vi thé, Dinh 1y 11 ciing sé tra 16i mot phan
cau héi: "Khi nao tong hai phan i khong liy linh phan biét la phan ti liy linh?".

Dinh 1y 8 va Dinh 1y 10 ctia bai bao sé tra 16i Cau hdi 2 va Cau héi 3 cho 16p vanh cac
16p thing du moéduld n.

K¥ thuat co ban dé giai quyét cac van dé dit ra trong bai bao clia chiing t6i la cac tinh
toan t6 hop trén tap hop hitu han ciing nhu céc ¥ tudng s6 hoc vé céac sd nguyeén t6. Mot két
qué ching toi thuong xuyén st dung 1a Dinh 1§ c6 ban clia sd hoc néi rang mot sé tu nhién
16n hon 1 ¢6 thé bidu dién mot cach duy nhét thanh tich cac thita sé nguyén t6 cling véi s6
mil ctia n6. Tic 1a, néu n > 2, thi n6é duge biéu dién duy nhat dudi dang n = pi*py2...p*
trong dé p1, pa, ..., pr 1 cac s6 nguyén t6 doi mot phan biét va aq, as, ..., i 1a cic sd nguyén
duong (v6i k 1a s6 nguyéen duong).

2 Cac khai niém co ban

Cho vanh R, phan tit z € R dugc goi la ldy linh (nilpotent) néu ton tai sé6 nguyén duong
k sao cho zF = 0, s6 nguyen duong k nhé nhat c6 tinh chat d6 goi 1 bac liy linh clia phan
1t . D61 v6i mot vanh R bat k¥, ky hieu Nil(R) 1a tap tat ca cac phan tit liiy linh ctia né.
Mot két qui quan trong va dep trong Dai s6 tuyén tinh khing dinh ring néu A la phan ti
trong vanh ma tran vuong cap n trén truong K thi bac liy linh ctia A khong vugt qua n.
Céac khai niem va tinh chat ctia phan ti liy linh ¢6 thé tim thay trong cac tai ligu [3], [10].

Céac phan t1 liiy linh trong vanh 13 déi tugng nghién citu ciia Ly thuyét vanh va dang
duge nhiéu tac gid quan tam. Gia thuyét Kothe lién quan dén cic phan tit liiy linh va cac
idéan liiy linh duge dé xuat tit nam 1930 dén nay van chua dugc gidi quyét va dang nhan
duge sy quan tam ciia nhiéu nha dai s6 trén thé gisi (xem [5], [7], [8]).

Mot do thi vo hudng (graph) 1a mot bo gdm 2 thanh phan G = G(V, E) trong d6 V 1a
tap cac dinh va F la tap cac canh, & day canh AB € F nghia la canh ndi diém A véi diém
B (hay diém B néi v6i diém A). Trong truong hgp canh ndi diéem A v6i chinh n6 duge goi
1a khuyeén (loop). Mot do thi G khong c6 khuyen, trong dé hai dinh duge ndi véi nhau nhiéu
nhét 13 mot canh duge goi 14 do thi don (simple graph). Mot do thi don G duge goi 1a day
di (complete graph) néu cap dinh bat ky ctia G dugce ndi véi nhau bang ding 1 canh. Xét
mot dinh v € V ctia do thi G = G(V, E) ta néi bac clia v bang k va ky hieu k = deg(v) néu
v 1a dau mut cta dang k canh (tinh cd khuyen).
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Cho G = G(V, E) la mot do thi, duong di (path) tit dinh A € V dén dinh B € V trong
do thi 1a day cac dinh vivs...vp sao cho v1 = A, v, = B va dinh v; dude ndi véi dinh v
(1t =1,2,....k — 1). Duong di don (simple path) la duong di ma cac dinh ctia n6 doi mot
phan bigt trit diém dau v diém cubi khong nhét thiét phan bigt. Chu trinh (cycle) 1a duong
di khép kin ttc 1a diém dau va diém cubi tring nhau. Chu trinh va 1a duong di don dugc
goi 1a chu trinh don (simple cycle). Do thi G khong c¢6 chu trinh duge goi 1a acyclic. Luu §
rang mot canh ciing 1a duong di. Tuwong tit mot khuyen ciing 14 mot chu trinh va dude goi
1a chu trinh tam thuong (trivial cycle). Mot chu trinh khong phai 1a khuyeén duge goi 1a chu
trinh khong tam thuong (nontrivial cycle).

D6 thi G duge goi 1a lién thong (connected) néu hai dinh bat ky x,y ctia G ton tai
duong di trong G ndi x v6i y. Cho G = G(V, E) 1a mot do thi, do thi G’ = G'(V', E') trong
d6 V! C V va E' C E dudgc goi 1a do thi con (subgraph) ctia do thi G. D6 thi con lien thong
t6i dai clia G (tic 14 do thi con d6 14 do thi lien thong va khong thé nhan them bat ki
mot dinh ndo ma van duy tri tinh chat lién thong) duge goi 1a mot thanh phan lién thong
(connected component) ciia G. Néu G 1a do thi lien thong thi né c6 ding mot thanh phan
lien thong (chinh 1a toan bo do thi). Néu G la do thi khong lién thong sé duge chia nhd
thanh céc do thi lien thong ma mdi do thi con 1a mot thanh phan lién thong clia G. Céc
khai niem va tinh chit ctia Ly thuyét do thi c6 thé tim thay trong cac tai ligu [6], [9].

Hinh 1: Do thi lién thong va cé khuyén
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Hinh 2: Cdc vi du vé do thi day di vdi s6 dinh lan lugt la 2, 3, 4.
Néu gop ba do thi lai ching ta c6 mot do thi gom 3 thanh phan lién thong

3 Db thi liy linh

Trong muc nay ching toi gidi thieéu dinh nghia ctia do thi liy linh cho mot vanh két hop
bat ky. Luu y rdng, khai niem do thi liy linh ma Basnet-Sharma-Dutta gi6i thieu trong [4],
chi xét R 1a mot vanh giao hoan hitu han. Trong bai bao nay, ching t6i xét vanh R c6 tinh
chét két hop va ¢6 don vi 1 # 0 va vi thé tong quat hon trong [4]. Sau d6 ching toi chi ra
mot s6 vi du vé do thi lity linh cho mot s6 16p vanh cu thé.

Dinh nghia. Cho R 14 mot vanh két hgp c¢6 don vi. Do thi G = G(V, E) dugc goi 1a
do thi liy linh (nilpotent graph) clia vanh R néu tap cac dinh V ciia G 1a tap tat ca céc
phan tit thuoc R\Nil(R) va tap cac canh F clia G la tap tat cd cdc dudng ndi gitta hai
phan tif z vd y phan biét thuoc V sao cho x +y € Nil(R).

Tiép theo ching t6i gidi thieu mot s6 vi du cu thé vé dd thi liy linh cho mot sé 16p
vanh. Trong trudng hgp vanh R khong giao hoan chiing t6i quan tam dén 16p vanh ma tran
vuong cap 2 (Vi du 1 va Vi du 2). Trong trudng hgp vanh R giao hoan ching to6i quan tam
16p vanh cac 16p thang du moduld n.

Vi du 1. Xét vanh R = My(Zs) 1a vanh cdc ma tran vuong cap 2 clia vanh Zy. Khi do
ching ta cé

00 01 00 11
Nil(R) = Nil(Mx(Zo)) ={| |5 |5t |5 ]}
0 0 0 0 10 I 1
01 01 00
Vi thé tap dinh ctia do thi G la: V = {V; Vo V3 ;
11 01 01
8
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0 0 11 11 10 10
Vi Vs Ve );V7 ; Vs ;
11 00 10 10 00
10 11 01 10
Vol  |sVaol sVl sV | | H
0 1 01 1 0 1 1

Do d6 d6 thi G la:

¥, v,
| @ |
¥ ¥,
v, ¥,
/ &

v v

Hinh 3: Do thi liy linh cia vanh R = Mo (Zs).

Vi du 2. Xét vanh R = T5(Zs) 1a vanh cdc ma tran tam giac trén cap 2 ctia vanh Zo. Khi
do6 ching ta c6

00 01
Nil(R) ={ ; }-
00 00
10 11 00
Vi thé tap dinh clia do thi G la: V = {; Vo V3 :
00 00 01
01 10 11
Vi=|{ sV sVl ]k
0 1 01 01
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Do d6 d6 thi G la:

Hinh 4: Do thi ldy linh cia vanh R = Ty(Zs).

D6 thi G la:

(]
(¥}
e

wi
=]

Hinh 5: Do thi liy linh cia vanh R = Z1s.

Van dé chii yéu ma bai bdo nay quan tam la tinh s6 thanh phan lién thong ctia do thi
Ity linh cho vanh cac 16p thing du modulo n. Tt d6 chi ra diéu kién can va du clia s6
nguyén duong n dé do thi liy linh ctia vanh Z,, 1a do thi lien thong va do thi day di. Cac
két qua vé nhitng van dé nay 13 nodi dung ciia phan tiép theo sau day.
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4 Tinh lién théng va day da ctia do thi liy linh cho vanh Z,

Trong muc nay ching toi xét do thi liy linh clia vanh céc 16p thang du modulo n. Dé
bat dau cho cic két qua ctia muc nay, ching toi dua ra mot s nhan xét sau day:
Nhan xét 1. Néu G = G(V, E) 1a do thi day du va card(V) = n thi card(E) = ( g >
Nhan xét 2. Néu G = G(V, E) 1a do thi don thi

Y oey deglv)

card(E) = 5

Nhan xét 3. Cho n la s6 nguyén duong 16n hon 1, khi d6 n c6 sy phan tich tiéu chuan
thanh tich cac thita s6 nguyén t6 1a n = p'p5?...pL" v6i p1,p2, ..., pi 1a céc s6 nguyén t6
doi mot phan biet va aq, ag, ...ax 1a cdc s6 nguyen duong (va k cling 1a s6 nguyén duong).

Xét Z,, 1a vanh cac 16p thing du moduld n, khi dé:

Nil(R) = {ip1p2-.-pk }»

a1—1 _as—1 ap—1 1

voii=0,1,.....,p7" "py° ..py

Két qua dau tien ching toi dua ra cong thitc tinh s6 dinh ctia do thi liy linh clia vanh
cac 16p thang du moduld n véi n > 1 1a s6 nguyén duong bat ky.
Meénh dé 1. Cho s6 nguyén duong n lon hon 1 ¢6 sy biéu dién dudi dang n = p$*ps*...pp*
trong dé p1,pa, ..., pr la cdc s6 nguyén to phan biét va aq, o, ...,y la cdc $6 nguyén duong
(véi k la s6 nguyén duong). Goi G = G(V,E) la do thi liy linh cia vanh R = Z,,. Khi dé:

card(V') = (p?l_lpgz_l...pg’“_l)(plpg...pk —1).

Ching minh. Ching ta co:
Nil(R) = {ip1p2...px},
v6ii=0,1, ....,p?lflpg‘rl...pgk*l — 1, suy ra,
card(Nil(R)) = pi* 'pg2 L p .
Do dé:

card(V) =n — card(Nil(R)) = ( ?171p§¥271...pgk_l)(plpg...pk -1). O

Mot cau héi thi vi duge dat ra néu n = 2! véi t 1a s6 nguyén duong va G = G(V, E) 1a
do thi liy linh ctia vanh R = Z,,, khi d6 G c6 dic diém gi? Tit viéc quan sat cac vi du cu
thé chiing ta c6 két qua sau:

Ménh dé 2. Cho vanh R = Zy vdi t la s6 nguyén duong va G = G(V, E) la do thi liy linh
ctia vanh R. Khi dé6 G la do thi day di.

Chiing minh. Gia stt n = 2%, chiing ta sé chitng minh G 14 d6 thi day da. Trong trudng hop
t =1 vanh Zy = {0,1}, suy ra V = {1} va khong c6 canh nao. D6 thi nay 1a do thi day du.

11
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Véi t = 2, do thi nay G gom hai dinh v mot canh nén ciing 1a do thi day du. Cudi cling
xét t > 3, chung ta c6:

Nil(Zy) = {2i|i=0,1,...,2"71 —1}.

Suy ra V = {1,3,...,2¢ — 1}. Xét hai dinh bat k¥ phan biét Z va 7 clia V. Vi céc s6 nguyen
duong z,y 1a s6 18 nén x + y 1a s6 chin. Do d6 véi T + 7 = Z, ching ta c6 z 1a s6 nguyén
duong chén, tic 12 Z € Nil(Zyt). Diéu nay suy ra dinh Z duge ndi véi dinh 5. Vay G 1a do
thi day di. 0

Trong trudng hgp nay, sé6 canh ctia do thi liy linh 1a:
Heé qua 3. Cho vanh R = Zyt vdi t la s6 nguyén duong va G = G(V, E) la do thi liy linh

ctua vanh R. Khi do: 1
card(F) = ( 22 > .

card(V) = 2t71,
Mzt khac, theo Ménh dé 2, G 1a do thi day di nén ching ta co:

card(E) = < 2; 1 ) . O

Chatng minh. Theo Ménh dé 1,

Tt nhitng quan sat trén do thi liiy linh clia cAc vanh Zs: v6i t = 1,2, 3 ching toi thay
G 1 d6 thi lien thong. Téng quét hon, ching ta cé:
Meénh dé 4. Cho vanh R = Zs: véit la so nguyén duong va G = G(V, E) la do thi liy linh
ctia vanh R. Khi dé G la do thi lién thong.
Chiing minh. Gia stt n = 3!, chting ta sé chiing minh G 1a do thi lién thong. Trong trudng
hop t = 1 vanh Z3 = {0,1,2}, suy ra V = {1,2} va ¢6 diing mot canh ndi 1 vé6i 2. Do do
do6 thi nay 1a do thi lien thong. Vé6i t > 2, ching ta co:

Nil(Zg) = {3i]i=0,1,...3"" —1}.

Dod6V ={3i+1,3i +2|i=0,1,...,3""—1}. Nhan xét ring v6i moii,j € {1,2,...,3" "1 -
1} ching ta c6

3i+1+3j+2€ Nil(3h),
suy ra dinh 3¢ + 1 luon duge noi véi dinh 35 + 2. Tt d6 chiing ta c¢6 chu trinh e =12 4
W 3i—13i+13i+2...3t—-43—-23"—11 di qua tat cac dinh ctia G. Do d6 véi hai
dinh bat ky 7,7 € V v T # 7 ludn ton tai duong di tt T dén 7 14 mot phan ctia chu trinh
e. (]

Hé qué sau 1a cach tinh s6 canh ctia do thi liy linh ctia vanh R = Zs;:.
Hé qua 5. Cho vanh R = Zs: vdi t la s6 nguyén duong va G = G(V, E) la do thi liy linh
cua vanh R. Khi do
card(E) = 3272

12
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Chitng minh. Cong thic dang v6i t = 1 (khi d6 card(E) = 1). V6i t > 2, xét cac tap
hop Vi = {i3+1:i=0,1,...,37 ' —1}va Vo = {i3+2:i=0,1,..,371 — 1}, suy ra
V=ViUVyvaV;NVy=0. Xét hai dinh 7.3 +1 va 7.3 + 1 ctia V; chung ta c6:

I3+ 1+73+1¢Nil(Zg),

suy ra cac dinh trong V; khong dude ndi v6i nhau. Hoan toan tuong tu cac dinh trong Vs
ciing khong duge ndi v6i nhau. Mit khac xét hai dinh 2.3 +1 € V4 va i/.3 + 2 € V5 ching
ta co:

i3+ 1+7.3+2¢ Nil(Zs),

suy ra mot dinh bat ky trong V7 sé dude ndi véi tat ca cac dinh trong Vo va ngude lai mot
dinh bat ky trong V5 sé dugc noi véi tat ca cac dinh trong V4. Do dé:

card(E) = card(Vy).card(Vy) = 31713071 = 322, 0

Mot cau héi diit ra dd thi liy linh G ¢6 bao nhiéu thanh phan lien thong? Cu thé hon,
néu G 1a do thi liy linh ctia vanh R = Z, thi chi s6 n lién hé nhu thé ndo vé6i s6 thanh
phan lien thong ctia G. Bo dé duéi day sé dua ra cong thitc lien hé cho mot trudsng hgp dac
biét ctia s6 nguyén duong n (véi n khong c6 uée chinh phuong).

B& dé 6. Cho s6 nguyén duong n 1én hon 1 ¢é su biéu dién dudi dang n = pips...py trong
d6 p1,p2, ..., pk la cdc s6 nguyén to phan biét sao cho p1 < ps < ... < pr (vdi k la s6 nguyén
duong). Goi G = G(V, E) la do thi lay linh cia vanh R = Z,. Goi C la so6 thanh phan lién
thong cia G, khi do:

1 néun = 2;

C = pop3..pr néupr =2wvak>2;

”T_l néu p; > 2.

Chiing minh. Ching ta c6 Nil(Z,) = 0, suy ra,
V=A{1,2,..,n—1}.

Tinh toan la tam thudng v6i n = 2. Ching ta kiém tra véi n > 2. Nhan xét rang v6i moi
Z € V ton tai duy nhat phan tty =n —x € V sao cho T+ 7 = 0. Do d6 cac dinh ctia G
c6 bac 0 hodc 1 (dinh T ¢6 bac 0 néu 7 = n — x).

Néu n = 2pops..pr (Vi k > 2 vi n > 2), cdc thanh phan lién thong ctia G 1a
{1,2p9..px, — 1}, {2,2p2..06 — 2}, .., {p2ps--.pk — 1, paps...px + 1} va {paps---pr}. Do d6
s6 thanh phan lién thong ctia G 1a: C = pops...p.

Néun = p1ps...px véipy > 2thin—112s6 chin va T # n — x. T do6 tat ci cac dinh ctia G
déu c6 bac 1 vas6 thanh phan lien thong clia G 1aC = 251

Heé qua sau dua ra cong thitc tinh s6 canh ctia do thi G trong truong hop n khong co
u6c chinh phuong.
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Hé qua 7. Cho so nguyén duong n lon hon 1 ¢6 su biéu dién dudi dang n = pips...py trong
dé p1,p2, ..., pk la cdc s6 nguyén to phan biét sao cho p1 < ps < ... < pr (vdi k la s6 nguyén
duong). Goi G = G(V, E) la do thi liy linh ciia vanh R = Z,,. Khi dé

0 néun = 2;
card(E) = { pap3..pp — 1 néup; =2 va k > 2;

1 %
e neu py > 2.

Ching minh.

Tinh toan 1a tam thuong véi n = 2.

Néu n = 2pops...px v6i k > 2, cac thanh phan lién thong ctia G 1a:

Gl = {1, 2p2~--pk - 1}, G2 = {2, 2p2...pk - 2}, ooy

Gpops..pn—1 = {p2p3...0k — 1, paps..ox + 1} v& Gpopy..p. = {P2P3---pr}. Trong do6 céc
thanh phan liéen thong ctia Gy, ... , Gpops..p—1 €O ding mot canh va thanh lién thong
Gopops...p, chi c6 mot dinh va khong c6 canh nao. T do:

card(E) = paps...pp — 1.

Néu n = p1pa...p, v6i p1 > 2 thi n — 1 14 s6 chan va tat cd cac dinh ctia G déu c6 bac 1
va suy ra,

—1
card(E) = n 5 O

Dinh Iy sau day dua ra cong thitc tinh s6 thanh phan lién thong ctia do thi liiy linh G clia
vanh R = Z, véi n > 1 14 s6 nguyén duong bat ky.

Dinh 1y 8. Cho s6 nguyén duong n lén hon 1 cé sy biéu dién dudi dang n = p$ps*...pp*
trong dé pi1, pa, ..., pr. la cdc s6 nguyén to phan biét sao cho py < pa < ... < Pi VG Q1, O, ..., Qs
la cdc s6 nguyén duong (vdi k la s6 nguyén duong). Goi G = G(V, E) la do thi ldy linh cia
vanh R = Z,. Goi C la s6 thanh phan lién thong cia G, khi do:

1 néup =2 vak=1;
C=<pop3..pp néup =2vak>2;
pilm'épk*l néu p; > 2.
Hon niia, vdi p1 = 2 va ton tai it nhat aj > 1 vdi j € {1,....;k} nao dé luon cé ding mot
thanh phan lién thong la do thi con day di khong tam thuong (tic la s6 dinh cia do thi day
di nay lon hon 1).
Ching minh.

Buéc 1. Néu a; = ap = ... = a, = 1, theo B6 dé 6, ching ta co:
1 néup; =2va k= 1;
C={po.pr néup; =2vak>2;
Mé’”“_l néu p; > 2.
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Budc 2. Néu ton tai o; > 1 v6i j € {1,...,k} nao d6. Ching ta co:
Nil(R) = {ip1p2---pk}»

voi i = 0,1, .., pd*Ipg2 L p Tt — 1.

Truomg hop 1. Néu p; > 2, khi d6 n 1a s6 nguyén duong 18. Xét cac tap hgp:

Vi = {ip1p2...px + 1,ip1p2...pk + P102...pk — 1},

vO1

1=0,1, ...,p?lflpg‘rl...pg’“_l —1;

Vo = {ip1p2...px + 2,ip1p2...pk + P1P2...pk — 2},

véi

1=0,1, ...,p?lflpg‘rl...pg’“_l —1;

.............................. ;
. pip2...pp — 1 . p1p2--Pr + 1
przlé-mﬁfl = {ip1p2...pk + f,zmm---pk + #},

vl

i=0,1,..,p pytpt T 1

Ching ta cé:

p1p24..pk—l
2
v= |J W
s=1
va
Vi(Ve=10

v6i moi s,t € {1,2, e %} VA § # t.
Véi mot tap Vi bat ky chiing ta co:

ip1p2...pr + S + i/plpg...pk + pip2..pr — S € NZZ(R),

trong do,
i,i’ € {0,1, ...,p‘f‘l_lng_l...pZ’“_l — 1}

suy ra hai diém ip1ps...pi + 5 VA /p1pa...pg + p1p2...pk — s duge ndi véi nhau. Do dé e, = 5
P1P2--Pk — S D1P2---Dk + 8 .. PIDS%...00F — pipo..pk + s PTI P52 .. pp® — s 5 1a mot chu trinh

di qua tat ca cac dinh cia V.

Xét hai tap V va V; bat ki sao cho s,t € {1,2, ..., 2=l 3 5 £ ¢ ching ta c6:

2

ip1p2...pk + s + i'pipa..pr +t € Nil(R);

ip1p2...pk + 5 + i'p1p2...pk + P1p2..pk — t € Nil(R);

ip1P2---Pk + P1P2--Pk — 5 + i'p1p2...pk +t & Nil(R);
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ip1p2...pk + P1P2...Dk — S + U'P1p2...pk + P1p2...pk — t & Nil(R);

trong do
iyi' € {0,1, .., p3 ps2 T pt Tt 1),

Diéu nay suy ra mdi dinh ctia V; khong thé ndi véi bat ky dinh nao thuoc V;. T dé do
thi G dudc ra thanh cac do thi con Gy, G, ... , Gpips..0—1 V6i tap cac dinh lan lugt 1a V7,
2

Vo, ooy Vioipa..pp—1 VA tap cac canh trong V, dugc noi gitta cdc dinh dang ipips...px + s va
2

i'p1pa...pk + p1p2...pk — S. Mit khac cac dinh ctia Vi déu thuoc chu trinh ey, suy ra G, 1a
do thi con lién thong t6i dai ctia G. Diéu nay c6 nghia 1a G 12 mot thanh phan lién thong
ctia G. Vay s6 thanh phan lién thong trong trudng hop nay la:

P — 1
C— p1p2 22% .

Truong hop 2. Néu p; = 2, khi d6 n 14 sd nguyén duong chin. Néu n = 21, theo Ménh
dé 2, ching ta ¢6 C = 1. Hon nita G 1a do thi day du. Vé6i k& > 2, xét cac tap hgp:

V= {i2p2...pk + 1,42po...px + 2p2...pk — 1},

vii

i=0,1,..., 2007 g2t poemt

V2 = {i2p2...pk —+ 2,i2p2...pk —+ 2p2-'-pk — 2},

véi

i=0,1,..,20 7 pg2 et ]

Vog.oop—1 = {12p2...p1 + p2...0 — 1,92p2...p + D2....px + 1},

vii

i=0,1,.., 297 pg2=t pt 1

Voo..ow = {i2p2...pk + D2..--Pi},

vii

i=0,1,..,207 1p2=t ptt 1,

Chuing ta co:
P2--Pk

v=J W
s=1

Vi Vi=0

v6i moi s,t € {1,2,...,pa...pk} v s # t.
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Ly luan tuong tu truong hgp 1, do thi G dude tach thanh cac thanh phan lién thong
G1, Ga, ..., Gp,..p, v6i tap dinh lan lugt 1a Vi, Vo, ..., V,, .. Diéu nay suy ra so thanh
phan lién thong ctia do thi G trong trudong hgp nay la:

C= p2...Pk-

N

Hon nita, trong truong hop nay thanh phan lién thong Gps,..p, VOi tap dinh V,, ,, la
do thi day du. That vay, véi hai dinh bat ky trong V,,. p, ching ta co:

12p9...p% + P2....pE + 1'2p2...0k + Do....pE € NZZ(R)

trong do
iyi' € {0,1, ., p T ipg2 T S 1) £ 4

Diéu nay suy ra hai dinh phan biet bat ky trong V,,. ., déu dugc ndi véi nhau. Do d6
Gpy..py. 12 d0 thi diy dit.

Ngoai ra cac thanh phan lien thong G1, Ga, ... , Gp,. p.—1 déu khong 1a do thi day du.
That vay, xét thanh phan lien thong G vé6i tap dinh Vy trong d6 s € {1,...,pa...px — 1}
chiung ta c6 hai dinh

5+ 2po..pp + s € Nil(R).

Diéu nay dan dén hai dinh 5 v 2ps...pr + s khong dugce néi véi nhau trong Gy, suy ra Gy
khong 1 do thi day du. Vay trong trudng hgp nay luon c6 ding mot thanh phan lién thong
13 do thi con day du. O

Tu Dinh 1y 8, chiing toi dua ra cong thiic tinh s6 canh ctia do thi liiy linh G cia vanh
R = Z, véi n > 1 1a s6 nguyén duong bat ky. Nhu vay cling v6i Ménh dé 1, He qua 9 da
cho ta cong thic tinh s6 dinh va s6 canh ctia do thi liy linh ctia vanh cac 16p thiang du
modulo n véi n > 1 1a s6 nguyén duong bat ky.
Hé qua 9. Cho 56 nguyén duong n lén hon 1 c¢é sy bicu dién dudi dang n = p§ps>...pp*
trong dé pi1, pa, ..., pr la cdc s6 nguyén to phan biét sao cho py < pa < ... < Pi VA Q1, O, ..., Qs
la cdc s6 nguyén duong (vdi k la s6 nguyén duong). Goi G = G(V, E) la do thi lay linh ciia
vanh R = Z,. Khi do:

.
2&1—1 z
neu n = 2%;
2

card(FE) = _ _ _ 20{171])0[2_1...170%71 2
(E) =) (ren2ppoa2,poen 2)(p2p3---pk—1)+< t,

2 -2 2 —2 2 —2
(1™ Ty 2T ) (prp2epi—1)

-p £
5 neu p1 > 2.

Chatng minh. Goi C 1a s6 thanh phan lién thong ctia G, chiing ta xét hai truong hgp sau:
Trudng hop 1. Néu p; > 2, khi d6 n la s6 nguyen duong 16 va C = P222P=l Goj
G1,Ga,...,Gpips..pp—1 12 cidc thanh phan lién thong clia G vdéi tap cac dinh Vi, ..., Vpips..pp—1
2 2
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xac dinh nhu trong ching minh Dinh 1y 8. Xét tap dinh Vi ctia thanh phan lién thong G
(v6i s = 1, ..., P2l 1y chiing ta co:

Vs = {tpip2...px + 8, tp1p2...pk + P1P2.--Dk — S},

a1—1_as—1 ap—1 1

1 =0,1,....,p7" Py .py

Nhan xét réng:

ip1p2-..pk + S + i'D1p2...pk + p1D2...pk — S € Nil(R),

ip1p2...pk + 8 + i'p1p2...pk + s € Nil(R),

ip1P2...Dk + P1P2.-.Pk — 8 + U'P1P2...pk + D1D2..pk — 5 € Nil(R),

trong do
i,i’ € {0,1, ...7p‘f‘1_1p32_1...pz’“_1 -1}

a1—1 _ao—1 ap—1

Diéu nay dan dén bac ctia mot phan ti bat ky trong Vs 1a pi* ™ p§ PR+ Do do6:
21 -2 205-2 | 200—2
card(Es) = p{® pst2 T L ptk

voi Gs = Gs(Vs, E), Es 1a tap cac canh ctia thanh phan lién thong Gs.
Mit khac cac thanh phan lien thong G1, Ga, ..., Gpipe..;—1 déu c6 s6 dinh v s6 canh
2

bang nhau. Ching ta c6

P1P2---PE—1
A 201-2 205—2  20,—2 1
card(E) = Z card(Es) = (1™ ") "'pk2 )(p1p2.---pk )
s=1

Trudng hgp 2. Néu p; = 2, khi d6 n 14 s6 nguyén duong chin. Néun = 2% thiC =1
va theo Hé qua 3, chung ta c¢6
2041—1
card(E) = ( 5 >

Vé6i k > 2, suy ra C = ps...pi. Ly luan tuong tu va theo chiing minh Dinh 1y 8, chang ta c6
p2...pr — 1 thanh phan lién thong G, tng vé6i tap cac dinh Vi v6i s = 1, ..., pa..pr — 1 x4c
dinh béi:

Vi = {i2pa...px + $,12p2...pk + 2p2...pk — S},

i=0,1,.., 297 1pg2=t p0t

Goi F; la tap cac canh cia G, tuong tu truong hgp 1, suy ra,

card(Es) = 220‘1_2]03“272...13%0"“_2.
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Thanh phan lién thong Gp,. p, v6i tap dinh V,, ,, xac dinh béi:

V;D2-~-Pk = {i2p2...pk +p2....pk},

i=0,1,..,29 7 1pg2=t pt 1

14 d6 thi day du. Do d6 goi tap cac canh cta G, la Ep, . ching ta co:

2--Pk
a;—1 a2—=1 _ap—1
Card(Epzupk) = < ? " 2 o > ’
Vay
p2..prp—1
card(E) = Z card(Es) + card(Ep,...p,) =
s=1
o - gau—lpoa—l okl
_ (22a1 2pga2 2.'.piak 2)(p2p3-..pk - 1) + ( Py 5 Dy, . O

Theo cdc Ménh dé 2 va Ménh dé 3, néu R = Zgy: hoiic R = Zs: thi do thi liy linh ctia
R 1a lien thong (luwu ¥ rang do thi day du cling 14 do thi lien thong). Tuy nhién ligu c6 16p
cac s6 nguyen duong n > 1 nao khac dé G van 1a do thi lien thong hay khong? Dinh 1y sau
day khing dinh rang chi c6 n = 2! va n = 3! ma thai.
Dinh 1y 10. Cho vanh R = Z,, vdi n la s6 nguyén duong lén hon 1 va G = G(V, E) la do
thi liy linh cia vanh R. Khi d6 cic khdng dinh sau la tuong duong:

(i) G(V, E) la do thi lién thong;

(ii) n = 2t hodc n = 3! vdi t la s6 nguyén duong.
Ching minh.

(i) = (ii). Gia stt G(V, E) la d6 thi lien thong, ching ta sé chiing minh n = 2! hogc
3" v6i t 1a s6 nguyen duong. Dat n = p*p§?...pp* trong d6 pi1, pa, ..., pi 12 cac sO nguyen t6
phan biét sao cho p; < py < ... < pg va 1,9, ..., a 1a cac s6 nguyén duong (véi k 1a sd
nguyén duong). Khi d6 theo Dinh 1y 8, s6 thanh phan lién thong C ctia d6 thi G la:

1 néu n = 291,
C={pop3..pp, néup=2vak>2;
pilm'ép’“_l néu p; > 2.
Vi G 1a do thi lién thong nén C = 1. Néu p; = 2 va k > 2 thi s6 thanh phan lién thong 1a
pop3...pr > 3 > 1, diéu nay mau thudn véi tinh chat vé s6 thanh phan lién thong ctia G.
Do dé6 n = 241,
Néu p; > 2, gid st p; > 5 thi s6 thanh phan lién thong ciia G la:

plpz--g)k -1 >

2.
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Diéu nay mau thuan véi tinh chat C = 1. Do d6 p; = 3 va ching ta gid st k& > 1 (ttic 1a ton
tai po > 5), khi d6 s6 thanh phan lién thong ctia G 1a:

3p2..pp — 1 -
— =T

Diéu nay mau thudn véi tinh chat vé s6 thanh phan liéen thong ciia G. Do d6 k = 1 va
n = 3. Vay n = 2" hodc n = 3" (v6i t = aq), tinh chat (ii) duge ching minh.

(i1) = (i). V6i n = 2! hodc n = 3! (trong d6 ¢ la s6 nguyén duong). Theo Dinh 1y 8,
s6 thanh phan lién thong C ctia do thi G 1a:

= 1 néu p = 2;
B 32;1 =1 néup=3.
Diéu nay dan dén G 1a do thi lien thong. O

Dinh Iy sau day dua ra diéu kién can va di ciia n dé do thi lity linh ctia vanh R = Z,,
I3 d6 thi day di.

Dinh ly 11. Cho vanh R = Z,, vdi n la s6 nguyén duong lén hon 1 va G = G(V, E) la do
thi liy linh ciia vanh R. Khi dé cdc khing dinh sau la tuong duong:

(i) G(V, E) la do thi ddy di;

(ii) n = 2t vdi t la s6 nguyén duong hodc n = 3.

Ching minh.

(i) = (ii). Gia st G(V, E) 1a do thi day di, ching ta sé chitng minh n = 2¢ (véi ¢ 1a s6
nguyén duong) hodc n = 3. Gia st n # 2! va n # 3. Chiing ta xét sy phan tich tiéu chuan
clia sO nguyén duong n = p{'p5?...pp* trong d6 pi, pa, ..., P 1a cac sO nguyén té phan biet
va a1, 9, ..., ap 1a cac s6 nguyen duong (v6i k 1a s6 nguyen duong). Khong mat tinh chat
tong quat ta c6 giad st 2 < p1 < pa < ... < pi.

Trudng hop 1. Xét trudng hop k = 1, suy ra n = p{". Theo gia sit ta c6 p; > 3. Trudc
hét ta gia st p; > 5, ching ta co:

Nil(Zyer) = {ip | i = 0,1, LLpt Tl 1)
Suyra1l,2,3€V = Zyor \Nil(Zyor) v 1+2 = 3. Do d6 dinh 1 khong néi véi dinh 2, trai
gid thiét G 1a do thi day da. Tit d6 p; = 3 va theo gid st o > 2. Khi d6
Nil(Zse: ) = {3,8, ..., 351 — 3},
suy ra 1,4,5 € V vd 1+ 4 = 5. Do d6 dinh 1 khong ndi véi dinh 4, trai gia thiét G 1a do
thi diy dit. Tir do k > 1.
Trudng hgp 2. Xét truong hgp k£ > 2, suy ra,

Nil(Zy,) = {ip1p2.-.px | i =0, 1, ...,p‘fl_lpgz_l...pgk_l -1}

Vi pips...pr > 6 nén 1,2,3 € V va 1 + 2 = 3. Do d6 dinh 1 khong ndi vé6i dinh 2, trai gia
thiét G day du. Vay chi c6 thé xay ra n = 2! hosic n = 3. Diéu kién (ii) dugc chitng minh.
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(i1) = (i). Gid st n = 2¢ hodc n = 3, chiing ta sé chiing minh G 1 d6 thi day da. Véi
n = 3, ching ta c¢6 vanh Zz = {0,1,2} d6 thi G gom hai dinh 1 va 2 dong thoi hai dinh do
dudc ndi v6i nhau bang mot canh, suy ra G 1a do thi day da. Véi n = 2f theo Ménh dé 2, G 1a
do thi day di. Diéu kien (i) dugc chiing minh.

Ching toi sé két thuc bai viét nay bang cau héi mé dudi day:

Cau héi. M6 ta cac vanh giao hodn ma dd thi lity linh clia chiing 1a day di hay lién thong?

LJi cAm on: Bai biao nay duge ho trg kinh phi béi dé tai cap Bo Gido duc va Dao tao,
M4 s6: B2018-HHT-02.
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SUMMARY

NILPOTENT GRAPHS OF THE RINGS Z,

In [4], Basnet-Sharma-Dutta introduced and studied the concept of the nilpotent graph
of a finite commutative ring. In this paper, we calculate the number of connected com-
ponents of the nilpotent graphs of the rings Z,. Applying this result, we characterize the
connective properties and completeness of the nilpotent graphs of the rings Z,.

Keyword: Nilpotent element; graph; nilpotent graph; complete graph; connected graph;
connected component.
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